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Abstract 



We extend our investigation of resonance production in the Sakai-Sugimoto model to the 
case of negative parity baryon resonances. Using holographic techniques we extract the 
generalized Dirac and Pauli baryon form factors as well as the helicity amplitudes for these 
baryonic states. Identifying the first negative parity resonance with the experimentally 
observed S f n(1535), we find reasonable agreement with experimental data from the JLab- 
CLAS collaboration. We also estimate the contribution of negative parity baryons to the 
proton structure functions. 
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1. Introduction 



In the past decade, gauge/gravity dualities inspired by the original Maldacena conjecture 
PQ have been successfully applied to a wide range of problems in Quantum Chromodynam- 
ics (QCD) as well as condensed matter theory. For QCD, two classes of models are of 
particular interest: The phenomeno logical bottom-up approach based on five-dimensional 
effective actions, and the more stringent top-down models based on compactifications of 
ten-dimensional string theories^ A prominent and widely studied model of the latter class 
clearly is the Sakai-Sugimoto model [TOUTI] . Its popularity can be attributed to its close 
resemblance to large-iV c QCD, its computational simplicity and the fact that it provides a 
geometric model that allows to study both the confinement /deconfinement transition (at 
finite temperature) and chiral symmetry breaking in the same unified framework. 

Holographic techniques have also emerged as a very fruitful complementary tool for study- 
ing hadronic scattering in QCD where non-perturbative effects become important, namely 
in the regime of low momentum transfer (^fcp 1 lower than a few GeVs). In this paper we 
investigate the production of negative parity baryon resonances in proton electromagnetic 
scattering within the framework of the Sakai-Sugimoto model. This is a natural continuation 
of our previous work on positive parity baryonic resonances [T2]. Production of baryonic res- 
onances is a very important and timely problem in hadronic physics for the following reasons: 
i) Many baryonic resonances are excited nucleon states (N*) and their structure is relevant 
to understand the physics of quark confinement, ii) there is a huge experimental effort at 
JLab [13] to extract the electromagnetic form factors and helicity amplitudes of baryonic 
resonances in the regime where non-perturbative effects are dominant and perturbative QCD 
predictions fail. 

The paper is organized as follows: In section 2 we introduce the current matrix de- 
composition for resonance production in proton electromagnetic scattering and present our 
theoretical results for electromagnetic form factors and helicity amplitudes in the Breit frame. 
Moreover, we study the contributions of resonance production to the proton structure func- 
tions defined in Deep Inelastic Scattering (DIS). Here, we focus on the production of negative 
parity baryonic resonances and their contributions, but for completeness, we also provide a 
review of our previous results for positive parity baryon resonances. Section 3 contains a de- 
tailed computation of the electromagnetic currents in the holographic Sakai-Sugimoto model 
and a subsequent calculation of Dirac and Pauli form factors in the holographic setup. This 
is done in a unified manner for both positive and negative parity baryon resonances. In sec- 
tion 4 we present our numerical results for the generalized form factors, helicity amplitudes 
and proton structure functions for the special case of negative parity baryon resonances and 
compare them to experimental results. Section 5 offers some conclusions and an outlook. 
Appendix A reviews different frames utilized in this article while appendix B gives technical 
details on the limits relevant to the model at hand. 

Previous holographic calculations on electromagnetic form factors of baryons can be found 
in |14I)15|16|17I)18|I20] . DIS structure functions from holography were first obtained in [21J. 
Further developments include the large x regime [22J2 3.24 25] as well as the small x regime 

1 Recommended reviews are [2131415] for the bottom-up approach and [6 7 8 9 for the top-down approach. 
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p6ll27f28 ,29.30,31j; DIS structure functions have also been calculated for strongly coupled 
plasmas [32,33,34,35]. 



2. Form factors and helicity amplitudes 
2.1. Dirac and Pauli form factors 

We want to describe the electromagnetic interaction of a spin 1/2 baryon in the case where, 
as a result of the interaction, a spin 1/2 baryonic resonance is produced. This baryonic 
transition is described by an electromagnetic current evaluated between the initial and final 
states. In our approach, we embed the electromagnetic current in a vectorial U(2) symmetry 
present in any effective description of large- N c QCD with chiral symmetry breaking. Then 
we define the electromagnetic current as a linear combination of flavour currents: 

J" = J2 CaJ v a c = l/iV c , c 3 = 1 , Cl = c 2 = 0. (2.1) 

a 

Now we evaluate the flavour currents Jy a between the initial and final baryonic states. 
Positive parity resonances 

When the final baryonic state has positive parity we can expand the current matrix element 



as 



(p x ,B x ,s x \J^(0)\p,B,s) = ^^(r a ) ¥/3 ^-^J«(^, Sx )[ 7 ^(g^ 

+ K B a uX q x F^ x (q 2 ^u(p,s), (2.2) 

where 

<f = (px - PY , k b = , 

m B + m Bx 

= %/ 3 > (O/fA = K)/f/a a = (1,2, 3), (2.3) 

and a a are the Pauli matrices. Here we are using the metric ri^ u = diag(— , +, +, +) and we 
adopt the following convention for spinors and gamma matrices: 

/ \ _ 1 ( fXsiPl \ ( 1 ( fxXsxiPx) 



f asuv / V^x V f x 

7 ° = I -l) ' ^ = -<(_°i o 

^ = lil^Y] , 75 = 27V7V = ( J I ), (2.4) 



where 



f=^E + m B , f x = ^E x + m Bx . (2.5) 
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In this article we are interested in the case where I£ = I3 = 1/2. In this case the baryonic 
states satisfy the relation [12] : 



(p x ,B x ,S x \p,B,s) = 5 3 (p x - p)5 SxS 5 Bx B 



(2.6) 



The spinors Xs(p) are defined as the eigenstates of the helicity equation of the initial 
state: 

P ■ °Xs(p) = s\p\xs(p), s = (+,-), (2.7) 
Similary, the spinors Xs x (px) are defined by the helicity equation for the final state: 

Vx ■ °Xs x (px) = s x \Px\Xs x (Px) ■ (2.8) 



In order to get standard relativistic normalizations we need to transform the spinors and 
baryon states as [12] 



u(p, s) -> —7= u{p, s) , \p, B, s) 
V 2-fc 



1 



/ 2^(2vr) 3 / 2 



\p,B,s). 



Using (]2.1|), (|2.2|) and we obtain for 7 3 = if = 1/2 



(2.9) 



(p x ,B x ,s x \J»($)\p,B,s) = ilrj 



q^q v 



u(px,s x ) 1vFEb x (Q 2 ' 



-KB(?v\q X FB Bx (q 2 ) u(p, s) , 



(2.10) 



where 



are the generalized Dirac and Pauli form factors that describe the production of positive 
parity baryons. 

Negative parity resonances 

A good expansion for the flavor current matrix element in the case when the final baryonic 
state has negative parity is given by 



2(2?r) 

+ ^B(Tu\q X F^ (q 2 ) 7 5 u(p,s). 



(j> x ,B x ,s x \J$ a (0)\p,B,s) = ^(Af/ 3 (r-^)«fc^x)7^X^ 



(2.12) 



Alternatively, if we want to associate the chirality matrix 75 with the final state (which is 
the non-trivial state) we can write the current matrix element as 



■,(p x ,B x ,s x \J$ a (a)\p,B,s) 



2(2tt) 



3^ Jlf/3 \V 



q»q v 



u{p x ,S x )^ 



X 



IvFb'bM 2 ) + ^Bd u xq X F^ x {q 2 )\u(p, s) . (2.13) 
Transforming the spinors and states as (2.9), we get for J 3 = ig = 1/2, 



i<Px,Bx,«x|J"(0)|p,B,«) 



m(px,s x ) IvFbBx^ 



+K B a uX q F BBx (q ) 7 5 u(p, s) 



where 



(2.14) 



(2.15) 



are the generalized Dirac and Pauli form factors that describe the production of negative 
parity baryons. 

2.2. The Breit frame 

It is usually convenient to work in the Breit frame where 

pP = {E,0,Q,p) , q» = (0,0,0, -2xp) , p x = (E, 0, 0,p(l — 2x)) . (2.16) 

The details of this frame are given in the Appendix. In the Breit frame, we obtain the 
following helicity equation: 



Px ■ oXs x ip) = (1 - 2x)pa 3 Xs x (p) 



s x (l - 2x)\p\x 



s x \yj > 



(2.17) 



Using the relation \p x \ = |1 — 2a;||p| and (2.8), we identify two situations 



Ifl-2x>0 ->• XsxiPx) =Xsx(f), 
Ifl-2X<0 ->• Xs x (Px) = X-s x (P) ■ 



(2.18) 



Positive parity resonances 

Using the helicity equations we can calculate the current matrix elements in the Breit frame 
(for details see [12]). The result is 



{px, B x , s x \Jv a (fy\P, B, s) 



2(2^)3 ( r °)/f/3^x(P^)x.(p) 



(2.19) 



(p x , B x , s x \Jv a (0)\p, B, s) 



^^^q^ipx^kXsip) 



2(2vr 



(2.20) 
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where 



a 



1 

2E 
1 

2E 



fl + (1 - 2s) X2 



M 2 



1) 

2s y 



f 2 



i 



Negative parity resonances 

Note that 

7 5 w(p, s) = 



f Xsif) 
fXsiP) 



fXsiP) 

2E \ s -fxs(p) 



where 



s \p\ 
f 



(2.21) 
(2.22) 



(2.23) 



(2.24) 



Therefore, we can recycle the results obtained in the positive parity case by substituting / 
by / in all the calculations. Then it is not difficult to check that in the Breit frame the 
current matrix element takes the form 



5 (p x ,B x ,s x \4 a (0)\ P ,B,s) 



x 



-) — 

2s J 2(2tt) 



a )i-i 3 q z xUp^Xs(p) 



&F» B \tf)-h 2 KBF P B a Bx {q 2 ) 



(2.25) 



5 (Px,B x ,s x \J l y a (0)\p,B,s) 



where 



a 



J )i*i 3 



X 



2s J 2(2tt) 3 



) xl x (Px)<JjXs(p) 



f_ 

fx 



1 

2E 



f 2 

J -§ + 1 - 2s 



-) (- 

2E V 2s 



/l-(l-2s) 



p 



(2.26) 

(2.27) 
(2.28) 



2.3. Helicity amplitudes 



In order to establish a simple connection between the Dirac and Pauli form factors and the 
more commonly used helicity amplitudes, we first need to review some Gordon identities. 
We start with a generalized Gordon identity 



p x u (jT + i^+Pu W-ivn 
(Px + pY + i^ u Qu ■ 



(2.29) 



Evaluating (2.29) on the initial and final spinor and using the Dirac equation we get the 



Gordon decomposition for positive parity resonances: 



u(p x ,s x )Yu(p, s) 



m Bx + m B 



u{Px, s x ) [{p x + pY + icr^qu] u(p, s) 



(2.30) 



On the other hand, if we multiply (2.29) by 75 on the right, evaluate it on the initial and 



final spinors, and finally use the Dirac equation, we get the Gordon decomposition for the 
negative parity case, 



u{Px,S x )^^u(p, S) 



m Bx - m B 



-u(Px, s x ) {{p x + pY + io^q*] 75«(P, s) . (2.31) 



Positive parity resonances 

First we define the G\{q 2 ) and G^ 1 ? 2 ) form factors through the vector current decomposition 



{p x ,B x ,s x \J^(^)\p,B,s) = iu(p x ,s x ){ 



flU 



l»q 2 GM 



+ 



I M - p 2 )Y - q»Y(Px + pY] G2(q 2 ) }u(p, s) . 



(2.32) 



Using the Gordon identity (2.30) and the Dirac equation we can rewrite the current as in 
(2.10). This way we get the Dirac and Pauli form factors in terms of the G\(q 2 ) and G^*? 2 ) 



form factors: 



fEbM) = q 2 Gi(q 2 ) 

F£ Bx (q 2 ) = ~\{ml x - m\)GM 



(2.33) 



According to [36], the transverse helicity amplitude A\/2(q 2 ) is defined by 



A 1/2 (q 2 ) 



E R - m B 
2m B K 

E R - m B 
2m B K 



q 2 Gi(q 2 )--(ml x -ml)G 2 (q 2 
[FEbM) + F P BBx {q 2 )] , 



where 



K 



m B x ~ m B 



2m 



B x 



(2.34) 



(2.35) 



and Er is the proton energy in the resonance rest frame. Details of the resonance rest frame 
are given in appendix A. 2. 
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The helicity amplitude A1/2 (q 2 ) can be rewritten as [37] 



A 1/2 (q 2 ) 



m B 



2 2 



G + BBx (q 2 



where 



G + BBx (q 2 ) = [FE Bx ^) + FE Bx (q 2 
1 • IB 



and 



2 , „2lV2 



C := y/m Bx {E R - m B ) = -j= [{m Bx - m B f + q 2 ] 
The longitudinal helicity amplitude Si/ 2 (q 2 ) is given by [36J, 



(2.36) 



(2.37) 



(2.38) 



S\/2{q 2 



E R - m B \q R \ 
m B K 2 

Er - m B \q R \ 
m B K 2 



(m Bx + m B )Gi(q 2 ) + -{m Bx - m B )G 2 {q 2 



m Bx + m B uD fJi 

q 2 BBx 



>-%^h l —F p BBx {f) 

m Bx +m B 



(2.39) 



where q R is the spatial momentum of the virtual photon in the resonance rest frame. Ac- 
cording to [38]) this amplitude can be rewritten as 



where 



m s \qm nG , 2\ 

m B x m B V 1 



(2.40) 



m Bx + m B D 
— -2 — *BB X (Q ) 



— F BB X W 

m Bx + m B 



(2.41) 



Negative parity resonances 

In analogy with the previous case we define the G\(q 2 ) and G2{q 2 ) negative parity form 
factors through the vector current decomposition as in [36], 



& x ,B x ,8 x \J' l (p)\p,B,8) = -iu(Px,s x ) )luq l G 1 {q') 



+ \ M -pV - q»Y(Px+pY} G 2 (q 2 )\l 5 u(P,s) . 

(2.42) 



Using the Gordon identity (|2.31|) and the Dirac equation we can rewrite (2.42) as in (2.14). 

-q 2 GM 2 ) 



Therefore we obtain the relations 

fEb x (q 
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1 



(m Bx + m B ) 2 G 2 (q 2 ) ■ 



(2.43) 



Now let us write the expressions for the helicity amplitudes. According to [36], the helicity 
amplitudes Ai/ 2 (q 2 ) are given by 



E R + m B 
2m B K 



q 2 G l (q 2 )--(m 2 Bx -m 2 B )G 2 (q 2 



Er + m B 
2m B K 



BB X \Q ) + ^—-*BB x (q ) 

m B + m B 



(2.44) 



where K is given by (2.35) and Er is the proton energy in the resonance rest frame (defined 
in appendix A. 2). 



Using the analog of (2.36), we get 

c 



G BBx (q 2 



m B 



bD [„2\ , m B x - m B p P 2 
m B +m B BBx 



F B ) Bx (q 2 ) + 



where 



1 r, , 2 , „2ll/2 



( := a/ m Bx (Er + m B ) = -^=[(m Bx +m B ) 2 + q 2 ] 
The helicity amplitude S\/ 2 (q 2 ) is given by [36] 



(2.45) 



(2.46) 



Wg 2 ) 



-gfi + m B \q R \ 
m B K 2 



(m Bx - m B )Gi(q 2 ) + -(m Bx + m B )G 2 (q 2 ) 



Er + m B \q R \ 
m B K 2 



m Bx - m B ~ D 2 1 pP (n 2^ 
o *bb x W ) ~ — ^^J bb x ^ • 



q 



m Bx + m B 



, (2.47) 



where q B is the spatial momentum of the virtual photon in the resonance rest frame. Using 



the negative parity analog of (2.40) we get 



G BBx (q 2 



2 m B 



1 



m B x V^B ftp , o\ x jpP ( n 2\ 



r 



m B + m B 



(2.48) 



2.4. The proton structure functions 

A typical deep inelastic scattering (DIS) process a lepton scatters a hadron via the ex- 
change of a virtual photon. The corresponding differential cross section is determined by the 
hadronic tensor, 



1 



WliV = irY <Pxe i * x {p,s\ J*{x),J v {G) \p,s) 
Sir ' ./ L J 



(2.49) 



where J^[x) is the electromagnetic current, g M and p M are the momenta of the virtual photon 
and the initial hadron, respectively. 
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One usually parametrizes DIS using as dynamical variables the Bjorken parameter x = 
— 2^ and the photon virtuality q 2 . The hadronic tensor can be decomposed in terms of the 
Lorentz invariant scalar structure functions J-"i(a;,g 2 ) and ^{x^ 2 ): 



q n qV 
I 2 " 



2x _ , 9 . / .. g M 



f + 



2x 



(2.50) 



The standard limit of DIS corresponds to the Bjorken limit of large q 2 and fixed x. In this 
paper we are interested in the regime of small q 2 where non-perturbative contributions are 
relevant (for a review of DIS, see e.g., |39|). 

The hadronic tensor for a spin 1/2 baryon, in the case where one particle is produced in 
the final state, can be written as 



+ ^ + m% x ] [<p, B, s\J»(Q) \ Px , B x , s x ) (p x , B x , s x \J»(0) \p, B, s) 

s,s x rn Bx 

+ (p, B, s\J»(0)\p x , B x , s x } 5 5 (p x , B x , s x \J»(0)\p 7 B)] . (2.51) 



Note that we are including the contribution from positive parity resonances as well as negative 
parity resonances. Substituting (2.10) and ( 2.14[ ) into (2.51) and using some gamma trace 
identities we obtain the proton structure functions [^] 



where 



Fi(q\x) 
F 2 (q 2 ,x) 



Fi{q 2 ,x) = F 1 (q 2 ,x)+F 1 (q 2 ,x) 
F 2 (q 2 ,x) = F 2 (q 2 1 x) + F 2 (q 2 1 x) 



$ [(P + <lf + m 2 Bx ] m 2 B {G% Bx {q 2 )f 



(2.52) 
(2.53) 



(2.54) 



2x 



1 + 



Am 2 B x 2 



rriB x 

x [(G + BBx (q 2 )) 2 + 2(G < BBx (q 2 )) 2 } , 
are the positive parity contributions to the proton structure functions and 
F 1 (q 2 ,x) = ^5[( P + g) 2 + m| x ]m|(G+ Bjf (g 2 )) 2 , 



(2.55) 



(2.56) 



2x 



F 2 (q 2 ,x) = ^5[(p + g) 2 + m| x ] 

[(G + BBx (q 2 )) 2 + 2(G BBx (q 2 )) 



1 + 



5 X 

X 



Am 2 B x 2 



-i 



(2.57) 



are the negative parity contributions to the proton structure functions. 
2 For more details see [12] 
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3. Dirac and Pauli form factors from holography 



3.1. Review of the Sakai-Sugimoto model 

3.1.1. D4 - D8 configuration 

The Sakai-Sugimoto model [TUfTI] is the most widely studied string-theoretic model of large- 
N c QCD and has been successfully applied to investigate many of its phenomenological 
aspects. Its holographic limit describes a stable configuration of D8 — D8 branes embedded 
into Witten's DA model ^Qj. In the following section we will briefly review those features 
of this model which are important for the investigations carried out in this article. The 
geometry of Witten's model is generated by iV c coincident DA branes with a compact spatial 
direction r in type IIA supergravity with the following metric, dilaton and four-form, 

1( 3/2 D3/2 J 2 

ds 2 = |^ (ri^dafdx" + f(u)dr 2 ) + + R^u^dQ 2 ,, (3.1) 

/H = l--T, S = 9. 1 &i, = — e 4 , 

where Ukk is the radial position of the tip of the cigar geometry generated by the DA branes 
and R = {ng s N c ) 1 ^ yfa' ' . To incorporate fundamental (quark and anti-quark) degrees of 
freedom, one needs to introduce two stacks of Nf coincident D8 and D8 flavor branes into 
the background generated by the N c DA branes. The probe condition Nf N c ensures that 
the back reaction of the flavor branes on the geometry can be safely neglected. It turns out 
that the solution to the DBI equations merges the two stacks of D8 and D8 branes in the 
infrared region (small u), resulting in a geometrical realization of chiral symmetry breaking 
U(N f ) x U(N f ) ->■ U(N f ). The dynamics of the gauge field fluctuations on the D8/D8 
brane embedding is described by the Dirac-Born-Infeld action, which yields a vector meson 
effective field theory given by a five dimensional U(Nf) Yang-Mills-Chern-Simons theory in a 
curved background. The details of this construction can be found in the original publications 
by Sakai and Sugimoto [TUIITT] . For the present context, cf. our previous work [12] . 



3.1.2. Baryons in the Sakai-Sugimoto model 

Let us describe the ideas behind the construction of holographic baryons. Recall that, in 
the confined phase, the Sakai-Sugimoto model reduces to a five-dimensional U(Nf) Yang 
Mills-Chern Simons (YM-CS) theory. In this article, we restrict ourselves to the Nf = 2 
case. Then, the U (2) gauge field A can be decomposed as 

A = A + A^ = A* T - + A^ = X> a y , (3.2) 

a=0 
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where t % (i = 1,2,3) are Pauli matrices and r° = I2 is a unit matrix of dimension 2. The 
equations of motion are given by [4"1~][T5"] 

-k (h{z)d v F^ + d M (k(z)Fn) + ^ e " a2 '" a5 { F ^sK 4 a 5 + F a2 a 3 F a4a5 ) = 0, 

-k (h( Z )v u F^ + vM^nr + ^^■■■ a *FZ 2a3 F aAa5 = 0, 

- N / - - \ 

— Kk(z)d F ZV H C _ e z^2-K I pa pa ,p p ) = n 

IS,h,\Z )U v r ^ X287T 2 ^ ^2/^3 /^4/^5 M2/*3 A*4/*5 y U ' 

64vr 



«*(*) (V„F 2 T + ^6^-^F; 2M3 F M4M5 = 0, (3.3) 



where = 1 + z 2 and /i(z) = (1 + z 2 )^ 1 ^ 3 are the 5-d warp factors and V Q = <9 Q + iA a is 
the covariant derivative. The baryon in the Sakai-Sugimoto holographic model is represented 
by a soliton with nontrivial instanton number in the four-dimensional space parameterized 
by x M (M = 1,2,3,2). Consequently, the instanton number is interpreted as the baryon 
number N B , and reads 



l/g 

Nb = I d x dz €m 1 m 2 m 3 m 4 Fm 1 m 2 Fiv j 



M 3 M 4 



(3.4) 



The construction and quantization of solutions to the set of equations (3.3) in the large A 
regime was discussed in great detail in the literature [4"T|15|I12] . Here we merely state some 
results that will be important for the purpose of the present work. The resulting baryon 
eigenstates are characterized by quantum numbers B = (I, I 3 ,n p ,n z ) in addition to their 
spin s. For example, the baryon wave functions with quantum numbers B n = (1, +1/2, 0, n) 
are given by 

\B n t) oc R(p)^ Bn (Z)( ai + ia 2 ), (3.5) 

where 

R( p ) = P -WWV> 2 , (3.6) 



gl/8 7r l/4 2 n/2^ 



The mass formula for the baryonic eigenstates (obtained from the quantized Hamiltonian of 
the system) reads 



M .^ + i ^ + ^ + ^±l^ + ^. (3,) 
3.2. Electromagnetic currents in the Sakai-Sugimoto model 

The holographic currents in the Sakai-Sugimoto model, denoted here by Jy?gg\, can be 
obtained using the holographic relations [15] : 
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where is the field strength associated with the classical field, cf. (2.80-2.85) in [15]. 
We define the baryon states as 



W, B, s, J 3 ) 
\p X iB x ,s x ,Iz) 



(2vr) 3 / 2 
1 

(27T) 3 / 2 ' 



e^|n B >K>| S ,/ 3 > 



R ; 



n Bx )\n p )\s x Jz) 



R ■ 



(3.9) 



Here we make use of the results and definitions of a recent publication [12], in which a 
relativistic generalization of baryon states and wave functions was discussed in detail. In 
particular, the spin and isospin part was defined as 



Ms) 



(sx,I*\r 



'2E 
1 



x 



f\s,h) 
fx(sx,I?\ 



Sx\R 



x 



X 



(sx,I?\ , 



(3.10) 



where |s,/ 3 ) and (sxjl^l are the non-relativistic initial and final states associated with the 



spin and isospin operators. From this and (3.8), one gets [12] : 

1 N r . 



0,0 

V(SS) 



(0)) 



(2vr) 3 2 



[8x,I?\8,h) R Fh Bx {? 



(3.11) 



(4?55)(0)) 



1 N r 



[s x ,I*\ R \F BBx (q 



(27T) 



7$ \ 



J) 



M 16tT 2 K 



e lja qj S a 



BB- 



16ty 2 k 



Fi Bx mw - q 2 ns a \\s } h) R} (3.12) 



"V(SS)(^)) 



+ Fi Bx (g e )[-zg J p 2 tr[r c a (ar i a- 1 )] 



+ —(P ■ qq % ~ ?P l )p I tT[TV S T 1 } \\n p )\s,h) R 



(3.13) 



2ix 2 k 



] 'F X BB x ^y ja ^ + F 2 BB x ifWq a - 



x (n p \p 2 \n p ){s x ,l3 | R tr(r c ar a a 1 )\s,I 3 ) R . 



(3.14) 



where 



E 

n 

£ 



^"(WB x |^2n-l(^)|nB) 

<f + A 2n -1 
0«» ("B X |9z^2n-l(^) \ n B) 



2n-l . 
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9v (n Bx \d z ip2n-i{Z)d z \n B ) 
A 2 n-i(g 2 + A 2n -i) 



(3.15) 



and 



S a = -iA-n 2 K P 2 ti{T a ar l k) 



P = -i47r 2 /tp 2 tr(r a aa~ 1 ) , (3.16) 

are the spin and isospin operators. The operators a = 04 + ia a r a represent the SU(2) 
orientations of the instanton and p is the instanton size. The momentum q is the photon 
momentum defined by q = px — p- 

In order to calculate the expectation values of the holographic currents we need the 
following identities: 



(s x ,if |fltr(r c ar a- 1 )|s,/ 3 )ji 
(sx,I?\ R I c \s,h} R 

(sxJslllSa \S,I 3 ) R 

(sx,^\ R tv(T 3 d {aT i a- 1 ))\s,I 3 ) R 



2^Ex~E 
1 



1 



(ffx ~ ££ ^f M ) Sjx^Upx) Xs(p) , 
(ffx - ^f^) r^ h xt x (px) cr a Xs(p) 



A\fEx~E 
1 

A^Ex~E 



(ffx - ^«) (T c ) lXhX t x (px) Xsip) , 

(ffx - f£ ^g M ) ^ hX \ x (px) * aX s(p) , 



(//. 



A' 



gfxJp[Jgki ' 

//x 



x (T 3 j^/3xL(Px)^X s (^)- 



(3.17) 



The last identity can be obtained by first noticing that 



tr^dbfarV 1 )) 



2i 



e lca I a 



d d 
04 — a 

d d 







1 r > i \ " 1 -> a I -|- dj^— h (Z c — 



a o a 4 



<9a a 



(3.18) 



Using the identities (3.17), we get in the Breit frame 



( J v(ss)(°)) = ^y^ifixl x (Px)Xs(p)Fl Bx (f), 



N, 



%ixL(pl){^ Fl Bx (?) - ±-F BBx (f) 



2(2tt) 3 Mo 

when the final state is a positive parity resonance, and 



(3.19) 
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, ji,0 

5 \ J V{SS) 



<4'(55)(0)) 



(0)) 



i ji,3 
5\ J V(SS) 



(o)) 



= 2(2tt) 3 *xL(P^) a iXs(p) £FbB x (?) 

= ^a^Va (x) < n »<>> 



(3.20) 



when the final state has negative parity. In (3.19) and (3.20) we used the definitions 

^2 



M n 



(n p \p 2 \n p ) 



—) (L 

2Ej \f x 



f x + P j 2 {2x-l) 



KK 



1 + 2*1 



9i=x 
4m B 



and a was defined in (2.21). 



(3.21) 



3.3. Dirac and Pauli form factors in the Sakai-Sugimoto model 

We are going to use the holographic prescription 

Vn(px, B x, s x \Jv' a (0)\p, B,s) = tyipxtBx, s x \J^ ss) (0)\p, B, s) 



(3.22) 



where rj^ = (rjo,ff) is the polarization of the photon and we choose to work with transverse 
photons satisfying the relation rj^qv = in order to avoid the discussion of current anomalies. 
Using (3.22) we can compare, the kinematic currents (2.19), (2.20), (2.25) and (2.26) 



with the Sakai-Sugimoto currents (3.19) and (3.20). For positive parity resonances we get 



F D B i x { q 2 ) 

F p B U<f) 



2 

4M^ 



a 2 + /3 V 



N c F BBx {q 2 ) 



1 

K B 



Pi 



a 2 
4M 



a 2 + P 2 q 2 
Za + p a q 2 {f) (p 2 ) 



N c F l BBx (q 2 ), 



a 2 + (3 2 q 2 



FhsM 



1 

K B 



a 2 + (3 2 q 2 



FbbM 



(3.23) 



where a and /3 are given in (2.21), (2.22) and £ is given in (3.21). For negative parity 
resonances, we can write 



BB X 



(a 2 



X 



2M 



(3a 



a 2 + (3 2 q 2 



N r Fl 



BB; 
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ppfi 



BB X 



(a 2 



BB- 



x 



2x 



2x 



2M k b ) 



aa 



l& 2 + f3 2 q 2 



N c Fl Bx {q 2 ) 



f (p 2 )Paq 2 -a^ 
a 2 + (3 2 q 2 



BB X 



Kb 



Mo 
3 



(p 2 )aa + fi£ 



a 2 + (3 2 q 2 



BB 



if 



(3.24) 



where a and $ are given in (2.27) and (2.28), respectively. We relegate the details of the 



large A expansions relevant to get the dominant contribution to the form factors in the non- 
elastic case to appendix B. The large A limit in the elastic case, corresponding to n x = 0, 
rriB x = va b was already considered in [15]. In the non-elastic case, the positive parity 
resonances correspond to Ub x = 2, 4, 6, . . .. In this case, we get in the large A limit [12J : 



FSltf) 

P,3 ( „2\ 



BB X 



(9 2 



+ o 



m B 
E 

9i=o 
2 

^ + o, 

E VA 



N c Fbb x (i 2 



E 



+ o 



NrF 1 <~ 2 



"CJ- BBy 



F B B X (<i 2 ) 



9i=i 



l + O 



BB X 



(3.25) 



For negative parity resonances, we have ub x — 1, 3, 5, . . .. Using the expansions in appendix 
B is not difficult to show that in the large A limit the form factors reduce to 



pD,o i ,2 



BB x (l ) 

P '° {q 2 

BB X ^ 2 

P ' 3 (g 2 



BBx 



pD,3 i ,2 



BB X 



AE 
1 



q_ 

AE 
1 



9i=o 
x } AE 

2 



l + O 



9i=o 



9i=i 



l + O 



I +o 

1 



x I AE 



9i=i 



l + O 



N r Fl 



"c^ BB X 



(I 2 



N c Fl Bx {q 2 ), 



F' z <~ 2 



?2 

BB X 



W 2 ) 



Nr 



F z <» 2 

BBx 



il 2 )- 



(3.26) 
(3.27) 
(3.28) 
(3.29) 



4. Numerical results for negative parity baryons 

We present in this section our numerical results for the negative parity baryons. These include 
the wave functions, Dirac and Pauli form factors, helicity amplitudes and their contribution 
to the proton structure function. We are using the Sakai-Sugimoto parameters M KK = 
949MeV and k = 7.45 x 1(T 3 [llj. We also choose M = 940MeV, for phenomenological 
reasons. 
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4.1. Baryon wave functions 



First we present in fig. [T] the results for the wave functions of the first excited baryons 
with negative parity. These wave functions have quantum numbers B„ = (1, +1/2,0, n) 
with n = 2k — 1 and are odd functions in the radial coordinate z. Table [I] shows the mass 
spectrum of the first negative parity baryonic resonances. The spectrum of positive parity 
baryonic resonances can be found in |12j . 




Figure 1: (Normalized) wave functions ^ B 2k -i{ z ) f° r the ^ TS ^ s ^ x parity odd baryon states. 



4.2. Dirac and Pauli Form factors 



In the previous section we extracted from holography the Dirac and Pauli form factors that 
describe the production of negative parity baryons. Interestingly, our results (3.29) show 
that the Dirac and Pauli form factors depend on only one form factor F BBx (q 2 ) defined 
by (3.15). This is a feature that has also appeared in previous holographic approaches to 
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n 


1 


3 


5 


7 


9 


11 


13 


15 


m Bn /GeV 


1.715 


3.265 


4.814 


6.364 


7.914 


9.463 


11.013 


12.563 



Table 1: Some numerical values for the masses of negative parity baryon states 



electromagnetic scattering^ The form factor F BBx (^) in (3.15) can be written as 

tp2 ^ _ 9v"9v n B B x 



BBy 



q 2 + X 



2n-l 



where 



9v n B B x 



*2n-l 



(n Bx \dz^2n-i(Z)\n B ) 



(4.1) 



(4.2) 



are the effective couplings between a vector meson, a negative parity baryon and the proton. 
We show in table [2] our numerical results for these effective couplings. Identifying the first 
negative parity resonance with the experimentally observed Sii(1535), our numerical result 
for the coupling constant g v \B B 1 = —1.889 should be useful to describe the decay of 5*11(1535) 
into a p meson and a proton. This result is compatible with recent analysis from experimental 
data |45] where 0.79 < |p«ib Bi| < 2.63. The vector meson squared masses \2n-1 and decay 
contants g v n are also shown in table [2] . 



n 


1 


2 


3 


4 


5 


6 


7 


8 


A2n-1 


0.6693 


2.874 


6.591 


11.80 


18.49 


26.67 


36.34 


47.49 




2.109 


9.108 


20.80 


37.15 


58.17 


83.83 


114.2 


149.1 


gv n B B 1 


-1.889 


1.182 


-0.562 


0.1381 


0.04057 


-0.05213 


0.01239 


0.009893 


gv n B B 3 


1.038 


-0.841 


0.6132 


-0.3325 


0.08703 


0.04209 


-0.05382 


0.01409 


9v n B B 5 


-0.6432 


0.5892 


-0.5217 


0.3802 


-0.1907 


0.02706 


0.05097 


-0.04458 


gv"B B 7 


0.429 


-0.4239 


0.4223 


-0.3644 


0.2416 


-0.09421 


-0.01629 


0.05276 


gv n B B 9 


-0.3005 


0.3132 


-0.3386 


0.3273 


-0.2571 


0.1417 


-0.0266 


-0.0404 



Table 2: Coupling constants between vector mesons and baryons when the initial state is 
the proton and the final state has negative parity. 



The Dirac and Pauli form factors depend on the magnetic gj factors whose numerical 
values in the Sakai-Sugimoto model are given by 

51=0 ~ 1.684, ffJ=1 « 7.031. (4.3) 



Using (4.3) and our results for the couplings, masses and decay constants (shown in table 
2|) we can calculate the Dirac and Pauli form factors describing the production of negative 



3 Sec [43 44 for a similar result for vector meson form factors in the holographic approach. 
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parity baryon states. We show our results for the first three excited states in figure [2j As a 
general feature, the form factors go to zero as q 2 — > 0, reach a maximum and then decay for 
large q 2 . Note that some of the form factors are non-positive. 




Figure 2: Dirac and Pauli form factors F^^ 2 ,_ i (q 2 ) for the first three negative parity baryon 
states. The momentum transfer q 2 is given in (GeV) 2 . 



4.3. Helicity amplitudes: comparison with JLab-CLAS data 

In the large A limit, the transverse helicity amplitudes take the form 



V2 



(/ 



m B ) 



zU BB x 



(4.4) 



Unfortunately, in the large A limit we cannot say too much about the longitudinal helicity 
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amplitudes because we obtain 



G° BBx (q 2 ) 



q2 BB X \" ) BB X \" ) 







sTbM 2 ) - e^G BBx tf)*0. (4.5) 

This result seems to be consistent with the fact that the experimental data available for 
these helicity amplitudes indicates a strong contribution from meson clouds |46j . This kind 
of effect necessitates the investigation of loop corrections of order 1/A in electromagnetic 
scattering. The 1/A corrections would not only modify our results but also the standard 
results on the elastic electromagnetic form factor^] 

Some of the meson cloud contributions to the helicity amplitudes A 1 ^ 2 and <S 1//2 for the 
resonance 5*11(1535) were calculated by the EBAC group [49J, fitting the dynamical coupled- 
channel model [48] with experimental data. The EBAC result [49] was displayed nicely in 
|50j . where the authors removed the meson cloud contributions from the dressed helicity 
amplitudes and presented the EBAC bare helicity amplitudes. In figure [3j we present our 
result for the transverse helicity amplitude A 1 ^ (q 2 ) for the first negative parity resonance 
and also show the EBAC results |4"9"f5Ti] and recent experimental data from the JLAB-CLAS 



collaboration [46] for comparison. As discussed in section 4.2 , this resonance can be identified 
with the experimentally observed Sii(1535). Despite the limitations of our model (the large 
A limit), we find good agreement with the EBAC results for bare helicity amplitudes and 
reasonable agreement with JLAB-CLAS experimental data. This is to be expected since the 
EBAC data is available for q 2 < 1.5(GeV) 2 , which coincides with the regime of validity of 
the Sakai-Sugimoto model where we expect our results to be reliable, whereas the JLAB- 
CLAS data extends to higher q 2 beyond the regime of validity. Furthermore, the EBAC 
and JLAB-CLAS results clearly demonstrate the importance of 1/ A-corrections from meson 
cloud contributions in the non-perturbative regime, which means that we need to go beyond 
tree level to get a better than qualitative agreement with experimental results for helicity 
amplitudes. Nevertheless, this is a very encouraging result in view of our long-term project 
of investigating resonance production in holographic models. 
In figure |4] we show our results for G BBi (q 2 ). 

Note that, in our model, A B ^ x (q 2 ) — > as q 2 — > 0, contrary to the experimental results 
reported in [5T| . p. 1155, 

A^ p -(q 2 ) = 0.09 ± 0.03 (GeV)- 1/2 . (4.6) 

This can be understood from the fact that the baryons in our model are very massive and 
thus stable in the large A limit. Therefore the currents that we construct do not account for 
the decay of baryonic resonances. 



4 See [UJ for a discussion regarding pion loop corrections in baryon electromagnetic form factors. 
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Figure 3: Helicity amplitude A^b^Q 2 ) (i n units 10 _3 (GeV)~ 1 / 2 ) plotted versus q 2 in (GeV) 2 . 
The JLAB-CLAS experimental data (red dots) was taken from ref. [16], while the EBAC 
bare amplitude results (blue triangles) were taken from [miloT)] . 




Figure 4: Helicity amplitude G% oBi (q 2 ) (in units 10 3 (GeV) 1 ^ 2 ) plotted versus q 2 in (GeV) 



4.4. The proton structure function 

4-4- 1- A first approximation 

Assuming approximate continuity of the mass distribution, we can now approximate the 
delta distributions in the following way: 



m B x ~ s \ 



6 [ m « 

dm 2 n 
dn 



— m= 



dn 



drr? n 



dn 



-i 



8{n — n) 



(4.7) 
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with the definition 



s ■= -(p + qf 



4 



m d. + q 



x 



-I)- 



(4.8) 



Therefore we have to evalua te t he Regge trajectory of the baryon spectrum in order to 



calculate We find from (|3.7|) 



dn 



drr? n 
dn 



-^=M M KK + ^nM 2 KK 



(4.9) 



where M can be chosen to match, e.g. the proton mass m# and n := n z . 



Using the approximation (4.7) we get in the large A limit the structure functions 
F x (g 2 ,x) « f(n)ml(G+ BRn ( q 2 ))\ 



F 2 (q 2 ,x) « /(n) 



r 

2x 



1 + 



4m|i 2 



(GU(? 2 )) 2 



(4.10) 



We plot in figures 5 and 6 the structure functions obtained from (4.10) as a function of 



q and x. We also demonstrate the violation of the Callan-Gross relation at intermediate 
values of x in [71 

0.005 r 




Figure 5: Structure functions F 12 (g 2 ) for x = 0.3 (orange, solid), x = 0.1 (red, dashed) and 
x = 0.01 (green, dotted). 



Jf..Jf..2. A realistic approach near a resonance peak 



The results shown in figures 5 and 6 were obtained using a the naive approximation (4.7). 



Alternatively, if we are only interested in the region of q 2 where a resonance is produced we 
can approximate the Delta distribution by a Lorentzian function [37J : 



2 

b x 



r 



B x 



m B . 



F 2 



(4.11) 



where Tb x is the decay width of the resonance Bx- Identifying the first negative parity 
baryonic resonance Bi with the experimentally observed Sii(1535) and using the decay 
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Figure 6: Structure functions Fi^ix) for q 2 = 3(GeV) 2 (purple, solid), q 2 = 2(GeV) 2 (blue, 
dotdashed), q 2 = l(GeV) 2 (green, dotted) and q 2 = 0.5(GeV) 2 (red, dashed). 



R(q 2 ,x) 

1.4 - 



1.2 



0.8 




0.6 



Figure 7: Callan-Gross ratio R C g(%) for Q 2 = 3(GeV) 2 (purple, solid), q 2 = 2(GeV) 2 (blue, 
dotdashed), q 2 = l(GeV) 2 (green, dotted) and q 2 = 0.5(GeV) 2 (red, dashed). 



width Fbi = 150 Mev, estimated from experimental data in [51], we obtain the results for 
the structure functions shown in Figure [8j Note that the structure functions have improved 
by an order of magnitude. Unfortunately, we cannot follow this procedure for the higher 
resonances because there are no experimental results available for the decay widths. 

The results for the proton structure functions obtained in this paper represent only a 
small fraction of possible final states, namely single final states with spin 1/2 and negative 
parity. If we include the contribution from final states with positive parity [12] as well as 
final states with higher spirj^] and pion production relevant in this kinematical regime, we 
should get a better/more complete picture of the proton structure functions and significantly 
improve the comparison with experimental data. 

5 Usually one expects a high contribution coming from the production of A resonances. See |18j for A 
resonances in the Sakai-Sugimoto model and [19] for higher spin resonances. 
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Fl(9 2 ,x) F 2 (q 1 ,x) 




Figure 8: Structure functions Fi^(x) for q 2 = 3(GeV) 2 (purple, solid), q 2 = 2(GeV) 2 (blue, 
dotdashed), q 2 = l(GeV) 2 (green, dotted) near the first negative parity resonance By 

5. Conclusions and Outlook 

In this article we have presented a treatment of non-elastic proton electromagnetic scattering 
for the special case when baryonic resonances of negative parity are produced as the single- 
particle final state of the scattering process. We have in turn applied the Sakai-Sugimoto 
model of holographic baryons in the large A limit to compute the relevant form factors 
and proton structure functions. Our numerical results show good agreement with available 
experimental data. One should, however, keep in mind the limitations of the (holographic) 
description of baryons in large- N c QCD [52], which fully apply to the non-relativistic (large 
A) model discussed herein as well. It would be very interesting to calculate 1/A- and other 
corrections to the current model and to study other scattering processes within the Sakai- 
Sugimoto model. Finally, it would be fruitful to investigate baryons and their resonance 
production in more recent holographic models, e.g., [53.54.55j. We leave this for future 
work. 
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A. Some frames in inelastic scattering 
A.l. The Breit frame 

Consider the scattering between a virtual photon and a hadron in the hadron rest frame. 
After two rotations we can set the spatial momentum of the photon to the x 3 direction so 

jf = (m B , 0,0,0) 
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q» = (g ,0,0,g 3 ), (A.l) 
and we choose q% > 0. The virtuality and Bjorken variable are in this frame given by 

, «=-^. (A.2) 

Now we perform a boost in the a; 3 direction so that 

p'* 4 = ( 7 m B ,0,0, -Pjm B ) 

^ = (790-/3793,0,0,-/37% + 79s) ■ (A.3) 
The Breit Frame is defined by the condition = so that 

7 = 7S , 9 3 = Q , i AA ) 



?3 ^qJ+W Q 



and we arrive to 



p'" = (ym|+p 2 ,0,0,p) 

= (0,0,0,Q), (A.5) 

with 

P=-|. (A.6) 

A. 2. The resonant rest frame 

In the resonant frame we have 

9^ = ijn Bx - E R , , 

{p + qY = (m Bx ,0). (A.7) 

We can write the energy and the momentum squared in terms of the squared masses and 
virtuality 

E R = ^-[^ + m l x+ ml] 
\q R \ 2 = (E R -m B )(E R + m B ). (A.8) 

B. Expansions at large A 

The relevant large A expansions for the non-elastic case are given by 

q 2 ~ 0(1) , m B ~0(\N c ) , 
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